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ON THE CALCULATTON OF SEALLOW SHEIIS®

By S. A. Ambartsumysn

1. We shall consider s sufficiently thin shallow shell of nonzero
Gaussian curvature. In this case, neglecting certain small magnitudes,
the problem, as shown by V. Z. Vlasov (ref. 1), can be reduced to a system -
of symmetrically constructed dlfferentisl equations as follows:

2
= V38 & - (88 - LVE) w = O

E8S

292
—_— VAV W+ Z =0 1.1
12(1~V2) e'h ( )

- (@2 - V) & -

These equations were constructed by the mixed method through the intro-
duction of only two functions, nemely, the stress function ¢, and the
displacement funcition w.

The forces T;, Tg, and $S are expressed through ® &8s follows:

L9 1a<1> 1 OB 9% o w1 O (LOB), 1 A0
B 3B \B AZBBEE’ 2 X3 \A3x) T 32, 5B B
(1.2)
6 o -S.=- L (3% _13B3 13123
1 2 AB\Oadp AP B OB
For the transverse forces N; and N;, we have the fornnﬂ.as_
Noom o B 132 Ny = - E8° 13 2
. 12(1 - V2 R e 12(1-\')33— (1.3)

¥wg raschetu pologikh obolochek." Prik. Mst. i Mekh., vol. XI ’
1947, pp. 527-532.
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In these formulas, & denotes the constant thickness of the shell,
v the Poisson coefficient, E the modulus of elasticity, A = A(x,B) and
B = B(a,B) the coefficients of the first gquadratic form of Gauss,
ky = ky(«,B) and Xk, = ky(x,B) the principal curvatures of the coordinate

surfece in the orthogonal coordinate curves, B = constant, and
o = constant. Further, the differential operators of the second order of
the elliptical and hyperbolical type are defined as follows:

2o 1]2 ) o (A

e =3B |3 A3 YF\BpF
za 1a Aa 1 9

AB AB&E' 3B \AB 3B

The mixed operator va - LVZ, in which H = 1/2 (ki + kp) end
L = 1/2 (k] - kp)}, is defined by the formula

v = (val - Lvlzl) = A—lB- [% (% ko 5%) + B% (% i 5%)] (1.5)

2. We present equations (1l.1) in a somewhat different form, so that

(1.4)

2 2 4 E8S
Eaveé-vkw=o, -Vkﬁ’-DVew+Z=O, (D=m>

(2.1)

As shown by B. G. Galerkin (ref. 2), we note that the first equation
of the system (2.1) is satiefied by introducing a certain displacement-
function ¢(x,B), through which the required unknowns of the system (2.1)
are expressed as '

v =09,  &=EVo0 (2.2)

The second equetion of equations (2.1), then assumes the form

12(1 - VZ) 4 7
Vgcp + =z k0= 5 (2.3)

Considering equation (2.2), we give the formulas expressing the
computationel magnitudes in terms of the displecement function as

follows:

1 3B 9 Es |0 (1 9 1 0A O} g2
Tl"B[B_ R V0, T2=T[BE(A6‘&)+B‘NEBE]VK‘P

G2y
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plt3 (L3 1 393 vo (1L v_0B 9| y4o
=P I\ " 52 PP "EB\EB "l e
(2.5)
10 (10 1 383 ,vo (L9 vV 0A 3| g4
Gz=D|:§§§(§§§)+Eaaa+na(xa)+mzaﬁyg Ve
D 02 138 O 103AJ| 4
Hl='Hz="A—B<1-“)[m'zays'fsgsa]ve"
b n D m D2 o (2.6)
1 i3 Yed 2 B3 ©

Thus, the problem of computing shallow thin shells with arbitrary
normally applied loads reduces to finding the displacement function
¢ = ¢(x,B), which is determined by the differential equation (2.3).

3, Investigations by Y. N. Rebotnov (ref. 3) and A. L. Goldenveizer
(ref. 4), show that the coefficients of the first quadratic form A and
B, for a certain part of an arbitrary shell, behave almost like constants
in differentiation. Hence, in the differentiation of produets of the
form Aw (or kw), the derivative of A may be neglected, end we can
set d(Aw) = Adw.

If it is sssumed that o and B are gbsolute coordinates, then, on

+ the basis of the previous discussion, we may set A = B = 1; we then

cbtain
2 2 2 2
R R - SR V2 akp O 4 kg O 3.1
e 2 g8 BT PRET L (.2)

Equation (2.3) then takes the form
8 ,1.2(1-v3) 4 _Z

Now equstions (2.4), (2.5), (2.6), and (fig. 1), are determined by
the formulas

2 2 2 2
TI-EB.B_.Z.V}%@, Sa:-ESB-SBEVE(p, Gy =D §__2.+v§_zv4<p
OB P 3B (5.5

32 2 2 2 2
T2=E8g;§vk€p, E=-D(1-V)3§FB-V4¢, GZ.D[SEZ--{.V%;E]V4¢
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3 6 OH _ d 2 B | 4
Nlﬂ-DEV(p, Q1=N1+FB"-D av +<1-V)WV¢
_ - (3.4)
- _ E_ o 2 ) 2% |4
N D 3 Voo, Q=N +x D j;g Ve + (1 - v) amzag-v ®

4. As an example, let us conslder & shallow shell, rectangulaer in
the plane, freely supported on its contour, and subjected to a normal
loed. Iet a and b denote the dimensions of the shell in the direc-~
tions o and B. —

The boundary conditions of the problem are

w=0, u=0, T3 =0, G =0 for «

O, aq =g
(4.1)
w

0, v=0, Tp=0, Gp=0 for B=0, B=b

These boundery conditlons are satisfied by a solution of the form

@ = :E:::E::Amn sin EEE sin EEE (4.2)
o R .

Expandling the external normally applied load intoc a double trigonometric
series, and substituting the results obtained in equation (3.2), yield

- n_——ﬁ .
Am o3 abAmn\Jw LJ\ Z si si de. dB (4.3)

where m and n are odd positive numbers,
AL, = [(mz + n2)¢ & cxgn] (@2b, A= a/b) (4.4)

Ry kp 12(L - v2)at

Agn = (B + 2n?), K==-= C = 7.7 (4.5)
1

Rz Ky’

5. Iet us consider the loading of the shell by a concentrated force
P, spplied at an arbitrary point (n,&). According to equation (4.3), we
have

8
4Pa sin ) sin nrg

= " o Banar a b

(5.1)

~ s2zv
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Hence, from equetions (4.2) end (3.3), we have

®7 7 befen ZZ% SunpSun®nk (5.2)
4PA°R n
T = - —p— O EZ———Z:T S S pSmnSng

4PAR,
Tp=-—7 C E npSunSng
m n
4PAZR, T Ay
8=-—3 c E E A CroCnpSunSn (5.3)
m n

Tn the present and succeeding discussion, there is introduced for
brevity, the notations

sin 2L o gy, sin -n%ﬁ- = 8y, sim I __. = Spx
_— nnp ot o (5.4)
cos8 —-a— = Cm, cos e = an’ co8 -?T]- = Cmn, cos T = CnE

Further, from equetion (2.2), we obtain
A
E E i————l’“ o S SnpSmnSn (5.5)

Meking use of the identity

where

D:t ab

N = @f + 20?2 Ay (5.7)
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we obtain from equation (5.5),

PupSmnPng 4Pa.
Y ek ZZ:(m + M) " Doty ZZ&E menpSaneg

The first term of this formuls is the expression for the deflection
of & rectengular plate, freely supported on its contouwr at the sides =
and b under a concentrated load P, and spplied at an srbitrary polnt
(n,€). Denoting the deflection of the plate by w¥, we obtain

w =V = - |W¥ - @z C Zki}:% SmSnBSmnSnE] (5.8)
o Z _

Dxc~ab

The possibillity of separating the deflection of a plate from the
expression for the displacement w of a circular cylindrical shell was
first shown by T. T. Kbachabtryan, in an unpublished doctoral dissertation.

Further, msking use of the new expression (5.8), we obtain

* 4P\ Z:E :’*2 2
Gl = Ml - ;t—z'— c a A‘lé“.: (mz + szn ) Smsnssmnsng
2
A
Gy = M3 - i‘-gl c _;_ E 31;?—'2 (WPn? + vi®) 8o SngSngSox
m n
4pA2 z :} :7*2
HE=E¥- = (L-v)c s ﬁmn CraaCrgSun®ng
4P E :E "’*rznn 2, 2.2
=c gm (m* + \*n®) CmaSnpSmnSnz (5.9)
m n
A
N2=Ng-g -2; E"'ﬂ"n(m +7\22)Smcnﬁsmnn£
4P)
Q=& - E :Z% (a° + v2®0) CoBogSuBag

2
=& -2y > A n 0% +ve?) SunfiugSuntug
m n

=
u

i
i

g2y
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In the preceding formules, the magnitudes denoted with asterisks
correspond to the bending of a rectangular plate (axb), coinciding with
the contour of the shell. For computing these magnitudes, the well-
known tebles of B. G. Galerkin (ref. 5) may be used.

The remaining magnitudes in formules (5.9) represent the effect of
the additional internal forces thet arise as a result of the curvature
of the shell (the curvetures kp and ko enter in equation (2.1) in

the composition of the secondary differential operator of the mixed type,

and play the part of coefficient of elestic base, with respect to the
flat plate).

By an analogous method, the formulas mey be obtained for a dense,
uniformly distributed load q = constant, over the entire surface of the
shell, and are shown as follows: -

T = - 16:;231 ¢ Z:Z% Sucug
e %CZZ% B
e
S = - 16::R1 CZZ%E CoCrp
Gy =M - }%EE CZZWZM
oo =it - 185 o) ) O s
=/

lsq).az A2

* gis1a

B=E - ——g— (- CE ,2 :Z“_cmcnﬂ
n mr

m

o 16qa }‘gm(mz + inz)
Ny =N -7 3°C TN CoeBnp
m n

2 2 2n2
% 16gak Ao (® + X°n®)
Np =Tz - 3'02 , oAy Smalnp
™ O
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6. In conclusion, & numerical example is given of the computation
of a shell, rectangular in the plane, and freely supported over the
contour for a uwniformly distributed normal load.

We take X = a/b = 2, the ratio X = Ry/Rp = 2, the Poisson coeffi-
cient v = 0.3, the intensity of the load g, and Young's modulus E.
According to equetions (4.5), C = 20.

For the deflection w, we obtain the formula

. _ .
v= - L (¥ - ) (6.1)
ES .

where w¥* i1 a numerical coefficient taken from the previously mentioned
tables (ref. 5), and Aw is an additional deflection depending on the
curvature of the shell, so that

- v2) oad z% :z :
Ar = 1sx12(1 v ) CX -——w-sin ———-sin EEE (6.2)

Restricting ourselves to two terms of the expanélon in formula
(6.2), the following results of the computations for several points (o,B)
of the shell ere given:

L 1 1 1 L 1
Points (d.ﬂza,B=§b) (&=§3,B=-2-b) (O:,nl-é-a,ﬁzzb)

w¥* 0.0843 0.1106 0.0760
A .0449 .0608 L0431
wi - Aw .0394 .0498 .0329

For the bending moments G1 and G2, we obtain the formulas
2 3
Gy = q‘bz(ml - Aml), Go = qbz(mz - A!nz) (5.3)

where m{ and mg are coefficients taken from table III (ref. 5), and

2 E ri ; m + v)?nz
oy = 16X c Ao (m? ) gip DM 4 DTB
a b
6120 E E 7\xnn(7‘-2 2 + “mz) 4p B7B
b

(6.4)
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Restricting ourselves to two terms of the expansion in formula
(6.4), the following results of the computation for several points are

glven:
1 1 1 1. 1 1
Points <m=za,s=§b) (cx,-_--z-a,ﬁa-,z'b) <G=§a’B=Z)

m3’ 0.0446 0.0464 0.0304
Ay .0241 .0276 .0195
m - Amy .0205 .0188 .0109
u .0807 . 1017 .0773
Loy 0444 .0583 .0412
w5 - Amg .0363 . 0434 .0361

For the forces T; and T,, we have the formulas

Ty = - dRi4bq, To = - qR14E, (6.5)

2 n\
16X C E :§ mn sin mye sin nxg
a b

- 16C nxf
E : m—sin—;si b

Restricting ourselves to three terms of the expansion in these
formules, the results of the computations are:

1 1 1 1 1 1
Points (Q:.:aza,ﬁ:E-b) (d;:g&,ﬁ:gb) (a,=-2-a,B=Z>
A‘tl 0.4252 0.5569 0.3928
AtZ « 1333 «1010 L0711

where
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